Chapter 10 Solution

1. (@  (Xx+2+h)*=(x+2+h)(x+2+h)
(X+2+h)?

= X? +2X+ hX + 2X + 4+ 2h + hx + 2h + h?
(X+2+h)? =x* +(4+2h)x+ (4+4h+h?) Al

(M1) for valid expansion

[2]

2 2
d_y:"m(x+2+h) —-(x+2)
dx h-oo

X2 + (44 2h) X+ (4 + 4h+ h?)
2

d—y=lim_(x +4x+4)
dx h-o h
d_y_"mxz+4x+2hx+4+4h+h2—x2—4x—4
dx h-o h
dy .. 2hx+4h+h?
—=lim—
dx h-o0 h

(b)

(A1) for substitution

h—0

d—y:Iim(2x+4+h) Al
dx

ﬂ=2x+4+0
dx

y

d—:2x+4 Al
dx

[3]
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(x+h)* =2(x+h)*) = (x* —2x%)

f'(x)= Llrrg . (A1) for substitution
x? + 2hx + h?
3 3 —(x*=2%°
—2(x3+(1jx2h+(2jxh2+h3J ( )
f'(x)= Llrg ™ (M1) for valid expansion
X* +2hx + h? s o
20¢+3xh+ 3 + 1) | o
£() =lim O+ :

x% +2hx +h? —2x3 —6x°h

—6xh? —2h® —x* +2x°

o0 =lip A
2 Av2h auh? _ 9R3
f’(x)=|im2hx+h 6X°h—6xh" —2h Al
h—0 h
f’(x):Lirrg(2x+h—6x2—6xh—2h2) Al

f'(x) =2x+0—-6x* —6x(0)—2(0)
f'(x) = 2x—6x° Al
[5]
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|
£1(x) = lim 3(x+h)—-2 3x-2
h—0 h
11
f'(X):Iim 3x+3h-2 3x-2
h

h—0

(A1) for substitution

, .1 3x-2 3x+3h-2
f'(x)=lim= —
h->0h| (3x+3h-2)(3x—-2) (3x+3h—-2)(3x—-2)

] (M1) for valid approach

100 — lim L X =2-3x-30+2
0 hl (3x+3h-2)(3x-2)

F1(x) = lim = =l ] Al
-0 h{ (3x+3h-2)(3x-2)

f’(x):ﬁm( = J Al
h>0{ (3x+3h—2)(3x—2)

£/(x) = =
(3x+3(0)-2)(3x—2)

! __L

0= A

[5]
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1 1
(1-2(x+h))® (@-2x)*

f'(x)= 'h'f& ™ (A1) for substitution
1 1
F1(x) = jim (1—2x—2h)h2 (1-2x)°
(1-2x)?
f'(x)= ngg% - 2)((1__223:512;;)()2 (M) for valid approach

© (1-2x—2h)?(1-2x)?

(%) = Ihigg1 (1-2%)° —(1—2X—2h)2]

h{ (1-2x-2h)*(1-2x)°

f,(x):"ml (1—2x+1—2x—2h)(12—2x—(12—2x—2h))j AL
h->0h (1-2x—2h)?*(1-2x)
1(  (2-4x-2h)(2h)
h\ (1-2x—2h)?(1-2x)?

G

£/(x) = lim 4—8x;4h : AL
h-0 (1—2X — 2h)?(1— 2X)
_ 4(1-2x-0)
 (1-2x—2(0))*(1-2x)?
_4(1-2x)
- (@1-2x)*
4

PO =any Al

£/(x)

F'(x)

[5]
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1. Let y =arctanex.
tany =ex

d d
—(t =
o Eny) = (&)

dtany) dy _d(en

dy dx dx

sec’ yﬂ =e
dx

dy e
dx sec’y

Ll (arctanex) =
dx

d (arctanex) =

dx

d (arctanex) =
dx

2

1+tan’y

e
1+ (ex)?

e X
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Al

Al

Al

M1

Al

AG
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X
Let y =arccos 3

X
Cosy=— Al
Y 3

i (COS y) — i(lj
dx dx\ 3

d(cos y>.d_y_1(z) Al
dy dx dx\3
—sin yﬂ=1 Al
dx 3
ay__ 1 M1
dx  3siny
d (arccos j Al
X 3) 3fi-cosy y
(arccos J
31— X)
3
o G
arccos —
91— Xj
9
i(arccoszjz— L AG
dx 3 9-x?

[5]
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Let y=arcsinx’.
siny=x°

d, . d, g,
—(siny)=—(x
dx( y) dx()
d(siny) dy _d(x)

dy dx dx
CosS yﬂ =3x°
dx
dy  3x°
dx cosy
: i(arcsin x%) __ ¥
~dx JL-sin?y
i(arcsin x%) = &
dx ?1_()(3)2
2
i(arcsin x}) = 3
dx 1—x°

Let y=arctan/x .

tan y = /x
9 any) =L ()
dx dx

d(tany) dy _d(Wx)
dy  dx dx

dx  2Jx
dy 1

dx  2xsec’y

i (arctan \/; )=
dx

1
2Jx(L+tan?y)

da (arctan Jx )=
dx

1
2% 1+ (Vx)?)

d 1
™ (arctan NN )= PN \/§(1+ 9
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1.

When n=1,
1
LHS.=-1 5
((1+5x)2]( )
L.H.S.=—L2
(1+5x)
—5\11
R.H.S.=—( 5) 11'1
@+5x)™
RHS—— 5
(1+5x)

Thus, the statement is true when n=1.
Assume that the statement is true when n=Kk.

(1+5x)**
When n=k +1,

P = (19(0)
X

(k+1) _ (_E)K _ 1
FH(%) = (=5)"k!( (k+1))(—(1+5X)k+2j(5)

(-5)" (-5)(k +1)k!
(1+5x)+?
f (k+1) (X) — (_5)k+l(kk1_21)!
(1+5x)

f D (x) = w
(1+5X)k+l+l
Thus, the statement is true when n=k +1.

Therefore, the statement is true for all ne Z*.

f (k+1) (X) —
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Al

Al
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When n=1,

L.H.S.= (2x)(e") +(x*)(e*)
L.H.S.=2xe* + x%*
R.H.S.=(1(1-1) +2(1)x + x*)e*
R.H.S. = 2xe* + x%¢"

Thus, the statement is true when n=1.
Assume that the statement is true when n=Kk.

f (%) = (k(k =1) + 2kx + x*)e*
When n=k +1,

P90 = (19(x)
X

f & (x) = (0+2k +2x)(*) + (k(k =1) + 2kx + x*) (€*)
f D (x) = (2k +2x+k* —k + 2kx + x*)e*
f D (x) = (K? +k + 2kx + 2x + x*)e*
fED () = (K+Dk +2(k +D)x + x?)e*
Thus, the statement is true when n=k +1.
Therefore, the statement is true forall neZ".
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When n=2,
L.H.S. =%((1)(7X) +(X)(7*In7))

L.H.S.= i(7X +X7*In7)
dx

LHS.=7In7+ M7 In7)+(X)(7*(In7)?)
LH.S.=2-7"In7+x7*(In7)?
RH.S.=2-7(IN7)* ' +x7*(In7)?
RH.S.=2-7In7+x7*(In7)*

Thus, the statement is true when n=2.
Assume that the statement is true when n=Kk.

fOX) =k7*(In7) +x7*(In7)*
When n=k +1,

P9 = (1%9(0)
X

f D) =k7*(In D + D@ (IN ") + (X)(7*(In 7))
fED) =k7*(IN7)* +7*(IN7)* +x7*(In 7)**
fED) = (k+D7*(In7)* +x7*(In7)**
fEDX) = (k+D7*(In 7)™ +x7*(In7)**

Thus, the statement is true when n=k +1.

Therefore, the statement is true forall neZ", n>2.

SE Production Limited

R1
M1

M1

Al
Al

Al

R1

[7]
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When n=1,

L.H.S.= —1(—%) 1+ x)‘% Q)

LHS.=—

2(1+X)?

(=D (2@)! -
RHS. = o= (0 X) 2
RHS.= >

2(1+X)?

Thus, the statement is true when n=1.
Assume that the statement is true when n=Kk.

®) (=D (2k)! -
O =" )
When n—k+1,

P = (19(0)

£ (x) =M[-k-%j @)

2% k1

N 1)k*2(2k +1)(2k)! 2
f (x) = 92k | 1+ )
09 () = (=D Skzlf +2)k D! ) X)_k_g

221K 12)(k +1)

(k+) (D)2 (2k +2)! =
="y @9
f 0 () = (=D (2(k +1))'( +X)f(k+1)—%

22(k+1) (k 1)|
Thus, the statement is true when n=k +1.
Therefore, the statement is true forall neZ".

SE Production Limited

R1
M1

M1

Al

Al

Al

Al

R1
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1.

X+y—e”Inx=2

d d d ooy d
&(X)Jr&(Y)—&(e Inx) = i (2

1+ j—i — [(Ze” %j (Inx) +(e?) (%D =0

1+d—y—2e2y In xﬂ—
dx dx

e

-0

g2

T A |

dx dx X
(1-2e” In x)d—y =
dx

dy  e”-x

dx  x(1—2e” Inx)

The required gradient
e?® -1

T 11-2"9In1)

_e?-1

T 1(1-0)
=e’-1

X

X

e?y —x

SE Production Limited

(M1) for valid approach

(A2) for correct approach

Al

(A1) for substitution

Al

[6]
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(x—3)? +4y* =4(4y—3)
d , d ) d
T (x=3)2+— (4y?) =— (16y 12
dx(x )+dx(y) dx( y-12)

2(x—3)(1)+8y% =16d—y—0
dx dx

2x—6+8y% =16d—y
dx dx

x—3=8d—y—4yd—y
dx dx

x—&:@—4ng
dx

dy ~ x-3

dx 8-4y

2223 g
8—-4y

x—3=0

X=3

- (3=3)%+4y* =4(4y-3)

4y? = 4(4y-3)

y*=4y-3

y?—4y+3=0

(y-D(y-3)=0

y=lory=3

Thus, the required coordinates are (3,1) and (3, 3).
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(M1) for valid approach

(A1) for correct approach

Al

(A1) for substitution

(M1) for substitution

Al

A2

[8]
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xy+y’ =3

d d, ,, d
g Tvy=Y3
dx(xy)+dx(y) dx()

(1)(y)+(x>[j—§]+2y%=o

y+xd—y+2yd—y:0

dx dx
dy
(X+2y)d—=—y
X

dy___y
dx X+2y
dy dy
2y)| - |- 1+2—>
T P
dx’ (x+2y)*
dy
d’y _ “ax Y
dx*  (x+2y)?
dy
d’y _ I
dx*>  (x+2y)°
d’y dy Xy
X+2y)—+———"—=
( y)dx2 dx  (x+2y)?
dy
_Xi
:(X+2y) ﬂ +ﬂ_ Xy
(x+2y)* | dx (x+2y)?
)
_ (x+2y) X+2y)| Yy Xy
(x+2y)* X+2y  (Xx+2y)°
y N y Xy

- X+2y  (x+2y)° _x+2y_(x+2y)2
=0
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A2

Al

Al

Al

M1
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e +e¥ +4x=0

d d d
—Ee)+—(E)+—(“4x)=0
dx( ) dx( ) dx( )
e re’ Y 14-0

dx
eyﬂz—(ex+4)

dx

dy__e'+4
dx e’
oy N0 +4)(ey ‘;')U
o @)
&y ex+y—(ex+y+4ey)3|§
ax e”
d’y . S ady
— =" +4e7)—=-e""
dx’ & )dx

2

s.e? % +(4+€") +e*
X

=e? [(ex‘y + 4e‘y)% —e j +(4+€*)" +e
X

_ ((eX+y +4ey)(——e J;4j—ex+y}+ (4+€*) +e*Y
e

=0

(e* +4)* - +(4+€")° +e
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Al

Al

Al

Al

M1
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1.

(@)

(b)

efy=12-y?

@ 8y @
en=-Lan-Liy
X o(dY)_ 4 5,0y
e )(y)+<e)(&j—o 2y Y

X . dy dy
e'y=—6 —-2y—
y dx ydx

'y = (" +2y) Y
dx

dy___ey

dx e*+2y

()  3x+7y-21=0

7y =21-3x
3
=3-=X
y 7

2
e (3—§xj=12—(3—§xj
7 7
2
(3—§xj +e* (3—§xj—12=0
7 7

By considering the graph of

2
y=(3—§XJ +ex(3—§x)—12,
7 7
X=0 or Xx=6.9737895 (Rejected).
3
L y=3-=(0
y=3-2(0)

y=3

Thus, the coordinates of P are (0, 3).

(i) The gradient of the tangent at P
©)
%+ 2(3)
3

7
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M1
A2

M1

AG
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(M1) for valid approach

(M1) for substitution

Al

Al

(M1) for substitution

Al
[6]
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(©)

e’y =12-y?
y?+y-12=0
(y+4)(y-3)=0
y=—-4 or y =23 (Rejected)
The gradient of the normal at Q
L eCh
e’ +2(-4)

SE Production Limited

(A1) for correct equation

Al

(M1) for substitution

Al
[4]
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(@)

(b)

(©)

2x% +axy +y*> =56

d »n d d, ,,  d

R P Ciyy="(s6
dx( )+dx(axy)+dx(y) dx( )

4x+ (a)(y) + (ax) (%j-ﬁ- Zy% =0

axd—y+2yd—y=—(4x+ay)

dx dx
(ax+ 2y)d—y =—(4x +ay)
dx

dy __Ax+ay
dx ax+2y
O
(i) The gradient of the tangent at P
=-1+-1
=1
_4Q)+als)
" 2a+2(-6)
_ 8-6a _
2a-12
6a—-8=2a-12
da=-4
a=-1
&
dx
_ Ax-y 0
—X+2y

Ax—y=0=y=4x

5 2% = X(4%) + (4X)* =56

2X* —4x* +16x* =56

14x* =56

X2 =4

X=-2o0r Xx=2

When x=-2, y=4(-2)=-8.

When x=2, y=4(2)=8.

Thus, that the coordinates of Q and R are (2, 8)
and (-2,-8).
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M1
A2

M1

AG

Al

(A1) for correct value

(M1) for setting equation

(M1) for valid approach

Al

Al

Al
M1

Al
M1

AG
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[5]
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(@)

(b)

5x* —2xy —3y* —16x=0

d 2 d d 2 d
— (5X%) —— (2xy) —— (3y?) —— (16X) =
o 0¥ = (@) = By) = (16%)

10x —((2)(y) +(2x) (%D -6y

dy

dx

10x—2y—2x%—6y3y—16=0

x dx
dy dy
5X—y—-Xx—-3y—-8=0
Y dx ydx

dy dy

X—+3y—=5Xx-y-8

dx ydx Y

(x+3y)ﬂ:5x—y—8
dx

dy 5x-y-8
dx  x+3y

The gradient of the tangent
5

=5
_5x-y-8
ox+3y
5x—y—8=5(x+3y)
5X—y—-8=5x+15y
16y =-8
y=-0.5

5

~.5x2 —2xX(~0.5) —3(~0.5)2 ~16x =0

5x*+x—0.75-16x=0
5x? -15x—0.75=0
20x> —60x—3=0

16=0

d
—(0) M1
)

A2

M1

AG

[4]

(A1) for correct value

(M1) for setting equation

(M1) for substitution

Al

By considering the graph of y =20x* —60x—3,
X =-0.049193 or x=3.0491933.
Thus, that the coordinates of Q and R are
(-0.0492, -0.5) and (3.05,-0.5).

A2
[6]
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(x+3y)ci((5x—y—8)

d
gy ~Ox-y-8)  (x+3y)
= X (M1) for valid approach

dx’ (x+3y)?
,  (x+3y) 5—d—y—0 - (5x-y-8) 1+3d—y
d7y dx dx
> = > (A1) for correct approach
dx (x+3y)

5x+15y—(x+3y)d—y
dx

d2y —(5x—y—8)—(15x—3y—24)3i
axz (x+3y)?
dy
2, 16y+8+(-16x+24)—=
dy _ dx Al
dx’ (x+3y)?
16y+8+(—16x+24)d—y
“ (x+3y)? e dx
(x+3y) M1
28(3—2x)d—y
dx
dy dy .
16y +8+ (—16x+ 24)& > (24—16x)& (M1) for valid approach
16y >-8
1
>_= Al
y 2

[6]
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(@)

(b)

X+ Xy =8+ Y

d d d d, ,

&(x)+&(xy) =&(8)+&(y )

1+((1)(y)+(x)(ﬂjj:0+2yd—y
dx dx

1+ y+xﬂ=2yﬂ

X dx

The gradient of the normal
_dy

T
1+y
2y — X
_X=2y

- 1+y

:—1+

. Xx=2y
1ty
Xx—2y=0

X=2y

22y +(2y)y=8+Y®

2y+2y* =8+y?

y?+2y—-8=0

(y+4)(y-2)=0

y=—4ory=2

When y=-4, x=2(-4)=-8.

When y=2, x=2(2)=4.

Thus, that the coordinates of P and Q are
(-8,-4) and (4, 2).

=0
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M1

A2

M1

AG
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(A1) for correct approach

(M1) for setting equation

(M1) for substitution

Al

(A1) for correct values

A2
[7]
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(©)

d d
&y:(Zy—wa;a+y%%l+wa§Qy—m

dx’ (2y —x)?
d d

a2y (2y—x)(0+d§)—(1+y)(2di—lj
ax? (2y —x)?

dy dy
d2y (2y—x)a;—(2+2y)a;+1+y
dx? (2y —x)?

dy
dzy:(—2—x)a;+1+y
dx? (2y —x)?

dy
'(—2—ma;+1+y_ 1 (QXY+KX+ZXY+D
o @y-x°

1+y

_(_Z_X)(Zy—x]+l+

1+y

dx (2y-x)®

2y -x)°
+(x+2)(y+1)

2y-x)°

_uj2+@a+w+_1+

y_ 1 ( 1+y i
1+y(2y—-x

y

2y-x)°

1+y

(2y-
+(x+2)(y+1)

X)?

(2y-x)?
=0

2y-x)°
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M1

Al

M1

M1

AG
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