R

Solution

(@)  The coordinates of the mid-point
_(0+7 0+24 0+0
_( 27 2 2 j
=(3.5,12,0)

5

(b)y ()  (7.24,h)

(ii) \/(7—0)2+(24—0)2 +(h-0)* =+/1025
49+576+h* =1025

h* =400

h=20
Exam Tricks
CLICK HERE

X+x, nwty, z+z (M1)
2 7 2 72

(A1)

(A1)

Correct equation (A1)

(A1)
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R

(@ (i) sin® A+cos” A=1 sin® A+cos’ A=1 (M1)
2
sin2A+(—lj =1 cos A= -1 (A1)
2 2
sinzA:i
4
. 3 . . 3
sin 4 =,|— (Rejected) or sin 4 =—,|—
4 4
sinA:—ﬂ (A1)
2
(i) tan 4
_sin4 tan 4= 34 1)
cos 4 cos 4
3 1 3 1
=—£+—— —£ & —— (A1)
2 2 2 2
=+3 (A1)
(iii) sin2A4
=2sin Acos A sin24=2sin Acos A (M1)
V31 Vool
=2l —||-% -— & —— (A1
( 2 ( 2) 2 2 (A1)
3
= A1
5 (A1)

(b) (i) cos2B

=1-2sin’ B cos2B=1-2sin* B (M1)
2
1 ) 1
:1_2(—_j sinB=-— (A1)
3 3
7
=9 (A1)

SE Production Limited



(ii)

(ii)

sin’ 2B +cos’ 2B =1
2
-.sin’ 2B+ (Z) =1
9

sin’ 2B = 2

81
: /32 ,
sin2B = o1 (Rejected) or
32

sin2B=—,—
\ 81

32

sin2B=——
9

tan24

_ 2tan 4
1-tan’ 4
2B
1-(\B)
_23
=)

5

sin(A—B)

=sin Acos B—cos Asin B

{2

Exam Tricks

CLICK HERE

sin” 2B +cos’ 2B =1 (M1)

cos2B :g (A1)

(A1)

tan24= 2204 i)
l-tan”~ 4

tan 4=~/3 (A1)
1-(\3)* ==2 (A1)

(AG)

sin Acos B—cos Asin B (M1)

ICERECE NP
2 3 2 3
(AG)

Official Store ;{Q .
J

CLICK HERE 5=ty
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(i)  cos(4A-B)

=cos Acos B +sin Asin B cos Acos B+sin Asin B (M1)
1 1 1 8 3 1
(- E -2 B
2)0 3 2 3 23 2 3
-8 +4/3
Tf e

SE Production Limited



R

(@)

(b)

O<x<2Tﬁ:>0<3x<2ﬂ

cos3x=——
2

5 e o3
**cos| 7—— | and cos| T +— |=——
3 3 2

p/a V1
.'.3x:7r—§ or 7+—

3
3x:2—ﬂ or4—7z
3 3
2 4
X=——o0or —
9 9

2sin” x=3sinx+1=0
(2sinx—1)(sinx—1)=0

2sinx—1=0 or sinx—-1=0

. 1 .
smx:E or sinx=1

) T 1 . s
wsin| 7—— |=—and sinx#1 for —<x<nx
6 2 2

SoX=—

6

Vs T
——SxSE:>—7z£2x£7r

sec’ 2x =1

s.cos’2x=1

cos2x =+/1 or cos2x=—1
cos2x=1 or cos2x=—-1

»cos0=1, cos(—7) and cosz =-1

22x=0, —r orx

x:—z, 0 or =
2 2

Exam Tricks

CLICK HERE

Official Store ;{Q .
J

CLICK HERE 5=ty

0<3x<27 (M1)

2 possible cases (M1)

2 possible angles (A1)

(AT)(A1)

(2sinx—1)(sinx—1) (M1)

1

— &1 (A1

S &1 (A1)

1 possible case (M1)

(A1)

—-r<2x<7m (M1)

3 possible cases (M1)
3 possible angles (A1)

(A1)(A1)(A1)



https://www.seprodstore.com/aahlintensivematerials
https://www.instagram.com/seproductionlimited/
https://www.seprodstore.com/ibaa-all-products

Analysis and Approaches Higher Level for IBDP Mathematics

Geometry & Trigonometry

c) y= 27sin(%(i—c)j+35

.'.8=27sin(%(0—c)j+35

-27=27 sin(—%cj

SE Production Limited

ymax _ymin (IVH)

(A1)

ymax + ymin (M1 )

(A1)

27
Period

t=0 & y=8 (M1)

: /1
sin (—2j =-1 (A1)

(AG)



(d)

27sin[%(t—2.5)j+35 > 50 Correct inequality (A1)

27sin(%(f—2.5)j—15 >0
By considering the graph of
y =27sin (%(r—ZS)j—IS, the graph is above

The horizontal axis when
3.4374719 < x < 6.5625281,

13.437472 < x <16.562528

or 23.437472 < x <26.562528. GDC approach (M1)
The amount of time

=3(6.5625281-3.4374719) 3(¢,—1) (A1)
=9.3751686 min

=9.38 min (A1)

Exam Tricks

CLICK HERE
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[Boes] ¢
@ () ACB

NE
-<s>[4j

=67 m

(i) The exact perimeter
=67 +8+8
=(6r+16) m

(b) (i) The area of OACB

L[
- (%]

=241 m?

(i) The area of OAB

1 . 3rm
=3 (8)(8)sin e

:32(@
2
=16+2 m?

(i)  The area of ACB
=247 -16\2
=837 -22) m?

—
oooo
oooo
o
o

QR? =PQ? +PR? - 2(PQ)(PR)cos QPR
12 =19° + PR* = 2(19)(PR ) cos 0.483
PR’ —(38c0s0.483)PR +217=0

PR =8.694390054 or PR =24.95862259
The required difference

=24.95862259 -8.694390054
=16.26423254

=16.3

SE Production Limited

s=r0 (A1)

(A1)

Sum of three sides (M1)
(A1)

1
A=—r'0 (A1
57 (A1)

(A1)

A:;absinC (A1)

sin= = Y2 (A1)
4 2
(A1)

Difference of areas (M1)
(A1)

Cosine rule (M1)
12, 19 & 0.483 (A1)

Two values (A1)

(A1)



oooo
Exercise 3.7 w
(=]

AC AB
(a) ———— = Sine rule (M1)
sin ABC sin ACB
A 60
¢ - 50°><17T0,60&1.45 (A1)
sin| (360° =310~ | S 8
180
AC 60
sins—” sin1.45
18
AC =46.30005551 km
AC=46.3 km (A1)
(b)  The area of ABC
. |
=%(AB)(AC) sin BAC A =Eabs1nC (M1)

1 . S St
=E(6O)(46.30005551)s1n T 60, 46.30005551 & 7[—1.45—§ (A1)
=1014.546384 km?
=1010 km? (A1)

(c) The area of ACD
= (1014.546384)(1.44)
=1460.946793 1460.946793 (A1)
. 1, .
%(AC)(CD) sin ACD =1460.946793 A =Eabs1nC (M1)
%(46.30005551)(75)sin6’:1460.946793 46.30005551 & 75 (A1)
sin@ =0.8414370289
6 =0.999937157 radian
6 =1.00 radian (A1)

Exam Tricks Official Store 3{‘ .
J

CLICK HERE CLICK HERE "-="'
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(d)

BC  AB
sinBAC sin ACB
BC 60
sin(n—1.45—5”j sinl.45
18

BC =44.14654149
BD? =CD? + BC? - 2(CD)(BC) cos BCD
BD? =75 +44.14654149°
—2(75)(44.14654149) cos (1.45+0.999937157)
BD =112.5793436
BD _ BC+CD

Speed of Car Q 60

112.5793436  44.14654149+75
Speed of Car Q - 60

Speed of Q =56.69288031
Thus, the speed of Car Q is 56.7 km/h.

SE Production Limited

Sine rule (M1)

7z—1.45—?;[, 60 & 1.45 (A1)

Cosine rule (M1)
75,44.14654149

(A1
&1.45+0.999937157

Same time (M1)

(A1)



oooo
Exercise 3.8 W
(=]

(@)

(b)

(d)

The volume
2

==

2
== 7(20)}
3 (20)

=16755.16082 cm3
=16800 cm?3

The total surface area
=377

=371(20)*
=3769.911184 cm?
=3770 cm?

v =L
3

(16755.16082)(4) = %(AD)Z (47)

AD? =4277.913401
AD =65.40575969 cm
AD =654 cm

tan OMV = ﬂ
OM

47
65.40575969 +2

OMYV =0.9628907079 radians

tan OMV =

Thus, the required angle is 0.963 radians.

Exam Tricks

CLICK HERE

V :§7zr3 (M1)

r=20 (A1)

(A1)

A=37r* (M1)
r=20 (A1)

(A1)

V:%Ah (M1)

V =67020.64328 & h=47 (A1)

(A1)

Tangent ratio (M1)

11
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(e) OD

=+/OM? + DM?

~ \/(65.40575969}2 +(65.40575969T
2 2

=46.24885621 46.24885621 (A1)
tan ODV = O—V Tangent ratio (M1)
oD

47

46.24885621

ODV =0.7934532493 radians
Thus, the required angle is 0.793 radians. (A1)

tan ODV =

SE Production Limited



EEEEE

2
I

:|p+/1q|2

=(p+29)-(p+1q) [u[ =u-u (M1)
=p-p+p-Aq+iq-p+1q-iq Expansion (A1)
=p-p+Aip-q+Aq-p+4i'q-q

=p-p+Aip-q+Ap-q+4i'q-q p-q=q-p (M1)
=[p[ +24p-q+2°[af (AG)

(px(q+r))-(p+q+r)
=(pxq+pxr)-(p+q+r) px(q+r)=pxq+pxr (M1)
=(pxq) p+(Pxq)-q+(pxq)-r

Expansion (M1)
Hpxr)-p+(pxr)-q+(pxr)-r

=0+0+(pxq) r+0+(pxr)-q+0 (uxv)-u=0 (A1)
=q-(rxp)+(pxr)-q

=q-(rxp)—(rxp)-q pxr=—(rxp) (A1)
=0 (AG)

Exam Tricks

CLICK HERE

13
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Exercise 3.10 %’

ooo

10 2
r=| 0 [+73
-5 1
10 2
(b) 1= 0 [+£3
-5 1
x=10+2¢
y=3t
z=-5+1
x—10=2¢
y =3t
z+5=t
x_10=2=2+5
2 3
@ -7 .5
2 3
'.-O_—IO:_—IS:—IO+5=—5
2 3

Thus, the point (0,-15,-10) lies on L, .

14

SE Production Limited

r=a+tb (M1)

(A1)

Parametric form (M1)

(A1)

x=0, y=—15 & z=-10 (M1)

(AG)



(d)

10 2 12 -8
rr=| 0 |+¢3|&K=9 [+5] 0
-5 1 -5 -6
x=10+2¢ x=12-8s
y=3 &5 »y=9
z=-5+t z=-5-0s
3t=9
t=3
10+2(3)=12-8s
4=-8s
s=-0.5
w=5+3=-5-6(-0.5)=-2
Thus, the point of intersection exists.
x=12-8(-0.5)=16
y=9
z=-5-6(-0.5)=-2
Thus, the coordinates of P are (16,9,-2).

b, -b, =|b|[b,|cos 6.
2) (-8) |2 -8
Y1311 0 |=|3 0 |cosd
1)1-6) I1)|\-6
(2)(=8)+(3)(0) + (1)(=6)
= (V22 + 3 +13)({/(-8)* + 0% +(~6)* ) cos 0
))

V14 100

6 =2.199349088 radians

cosd =

.. The required obtuse angle is 2.20 radians.

Exam Tricks

CLICK HERE

Equating y (M1)
Equating x (M1)

t=3 & s=-0.5 (A1)
Checking z (R1)

(A1)

Scalar product (M1)

Substitution (A1)

=22
Jid oo A

(A1)

15
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(f)

i) n

4) (1
=0 |x|1

3) 11

-3
=| -1

4

(i) r-n=a-n

x) (-3 0) (-3
yi|-1|=0]]-1
z)\ 4 0) 4
—3x—y+4z=(0)(=3)+(0)(=D+(0)(4)
3x+y—-4z=0

Let o be the angle between b, and n.
bl-n:|b]||n|cosa

2) (3 2|3
31 =1]|=| 3] —1|cosex

1) 4 L)\ 4

(2)(=3)+B)=D + )4
= (N2 +3 + 1) (3) + (1)’ + 47 )cosa

-5
COS =——F—
12 26
a =1.835964129 radians
The required acute angle

:1.835964129—§

=0.2651678023 radians
= (0.265 radians

SE Production Limited

01(x|1 (M1)

(A1)

r-n=a-n (M1)

~1| &[0 (A1)
(A1)

Scalar product (M1)

Substitution (A1)

-5
—\/ﬁ\/% (A1)



(h)

x=10+2¢t
L:y y=3t and :3x+y-4z=0
z==5+t
230042 +3t—-4(-5+1)=0
30+6¢+3t+20-4t=0
5t =-50
t=-10
x=10+2(-10)=-10
y=3(-10)=-30
z=-5+(-10)=-15

.. The coordinates of Q are (-10,-30,-15).

Exam Tricks

CLICK HERE

10+2¢, 3t & =5+t (A1)

~10 (A1)

17
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(a) By solving the system {

ooo

x=Ty=-1
x—y+2z=0’

7 I 1
X=———zand y=———z.
6 3 6 3

Let z=¢.

+t| ——

(b)  m-ny=n||n,|cosd.
1Y (2) )2
=71 =] =T ||| 1 |[cos@
0)ls) |Lo]ls
(D2)+(=7)(D) +(0)(5)
= (JP+(=7) + 0" )2 +1* +5% ) cos @

-5
cosf =———
V50430
0 =1.700257098 radians
7—1.700257098 =1.441335556

.. The required acute angle is 1.44 radians.

18
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GDC approach (M1)

Parametric form (A1)

Scalar product (M1)

Substitution (A1)
o (A1)
J50-4/30

(A1)



(c)

x=Ty=-1

x—y+2z=0

2x+y+5z=2

x=Ty=-1

—>4 6y+2z=1 (R,—-R & R,—2R))
15y+5z=4

x=Ty=-1

—>16y+2z=1 (R, -2.5R))

0=1.5

0=1.5, which leads to a contradiction.

Thus, the three planes do not intersect.

Exam Tricks

CLICK HERE

Row operations (M1)(A1)

Contradiction (R1)
(AG)
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