
    

Solution    Exam Tricks   Official Store 

CLICK HERE   CLICK HERE   CLICK HERE 

1 

                                                             

   
 
 
 (a) (2)h  
  ( (2))g f=       ( (2))g f  (M1) 
  (7)g=  
  = 1−        (A1) 
 
 (b) ( ) ( ( )) ( )h x g f x f x′ ′ ′= ⋅     ( ( )) ( )g f x f x′ ′⋅  (M1) 
  (2)h′  
  ( (2)) (2)g f f′ ′= ⋅  
  (7) (2)g f′ ′= ⋅       (7) (2)g f′ ′⋅  (A1) 
  (2)(1)=  
  = 2        (A1) 
 
 (c) (2)α  
  (2) (2)f g=       (2) (2)f g  (M1) 
  (7)(1)=  
  = 7        (A1) 
 
 (d) ( ) ( ) ( ) ( ) ( )x f x g x f x g xα′ ′ ′= +    Product rule (M1) 
  (2)α′  
  (2) (2) (2) (2)f g f g′ ′= +     (2) (2) (2) (2)f g f g′ ′+  (A1) 
  (1)(1) (7)(0)= +  
  = 1       (A1) 
 
 (e) (7)β  

  (7)
(7)

f
g

=       (7)
(7)

f
g

 (M1) 

  2
1

=
−

 

  = 2−        (A1) 
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 (f) 2
( ) ( ) ( ) ( )( )

( ( ))
f x g x f x g xx

g x
β

′ ′−′ =    Quotient rule (M1) 

  (7)β ′  

  2
(7) (7) (7) (7)

( (7))
f g f g

g
′ ′−

=     2
(7) (7) (7) (7)

( (7))
f g f g

g
′ ′−

 (A1) 

  2
(0)( 1) (2)(2)

( 1)
− −

=
−

 

  = 4−        (A1) 
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 (a) ( )f x′  

  

2 2

2 2

d d(6 24) ( 3 ) (6 24) ( 3 )
d d

( 3 )

x x x x x x
x x

x x

   + + − + +   
   =

+
Quotient rule (M1) 

  
2

2 2

(6)( 3 ) (6 24)(2 3)
( 3 )

x x x x
x x

+ − + +
=

+
   6  (A1) & 2 3x +  (A1) 

  
2 2

2 2

6 18 (12 66 72)
( 3 )

x x x x
x x

+ − + +
=

+
   212 66 72x x+ +  (M1) 

  
2

2 2

6 48 72
( 3 )
x x
x x

− − −
=

+
     26 48 72x x− − −  (A1) 

  
2

2 2

6( 8 12)
( 3 )
x x
x x

− + +
=

+
 

  = 2 2

6( 2)( 6)
( 3 )
x x
x x
+ +

−
+

     (AG) 

 
 (b) ( ) 0f x′ =        

  2 2

6( 2)( 6) 0
( 3 )
x x
x x
+ +

∴− =
+

    2 2

6( 2)( 6) 0
( 3 )
x x
x x
+ +

− =
+

 (M1) 

  ( 2)( 6) 0x x+ + =      ( 2)( 6) 0x x+ + =  (A1) 
  2 0x + =  or 6 0x + =  
  2x = −  or 6x = −  (Rejected)   2x = −  (A1) 
  ( 2)f −  

  2

6( 2) 24
( 2) 3( 2)

− +
=

− + −
     2x = −  (M1) 

  6= −  
  Thus, the coordinates of A  are ( 2, 6)− − . (A1) 
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 (a) 2( 2 )x h+ +  
  ( 2 )( 2 )x h x h= + + + +  

  2 22 2 4 2 2x x hx x h hx h h= + + + + + + + +   Nine terms (M1) 
  = 2 2(4 2 ) (4 4 )x h x h h+ + + + +    (A1) 
 

 (b) d
d
y
x

 

  
2 2

0

( 2 ) ( 2)lim
h

x h x
h→

+ + − +
=  

  
2 2 2

0

(4 2 ) (4 4 ) ( 4 4)lim
h

x h x h h x x
h→

+ + + + + − + +
=  2 2(4 2 ) (4 4 )x h x h h+ + + + +  (A1) 

  
2 2 2

0

4 2 4 4 4 4lim
h

x x hx h h x x
h→

+ + + + + − − −
=  

  
2

0

2 4lim
h

hx h h
h→

+ +
=  

  
0

lim(2 4 )
h

x h
→

= + +      2 4x h+ +  (A1) 

  2 4 0x= + +  
  = 2 4x +        (A1) 
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 (c) 2( 2) 3 5x xy e ye+ − = +  

  2d d d d(( 2) ) (3 ) (5) ( )
d d d d

x xy e ye
x x x x

+ − = +   Implicit differentiation (M1) 

  d d(2 4) 3( ) 0 ( ) ( )( )
d d

x x xy yy e e y e
x x

   + − = + +   
   

 
(2 4)( ) , 3( )
& ( )( ) ( )( )

x

x x

y y e
y e y e

′+

′ +

(A1) (A1)
(A1)

 

  d d(2 4) 3
d d

x x xy yy e e ye
x x

+ − = +  

  d d(2 4) 3
d d

x x xy yy e ye e
x x

+ − = +    d d(2 4)
d d

xy yy e
x x

+ −  (M1) 

  d (2 4 ) 3
d

x x xy y e ye e
x

+ − = +  

  d 3
d 2 4

x x

x
y ye e
x y e

+
=

+ −
     3

2 4

x x

x
ye e
y e

+
+ −

 (A1) 

  The gradient of the tangent 

  d
d
y
x

=  at (0,1)  

  
0 0

0
1 3

2(1) 4
e e

e
+

=
+ −

      0x =  & 1y =  (M1) 

  1 3
2 4 1

+
=

+ −
 

  =
4
5

       (A1) 
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 (a) (1)f  

  12e−= −  

  
2
e

= −        
2
e

−  (A1) 

  ( )f x′  

  2( )( 1)xe−= − −       Chain rule (M1) 

  2 xe−=  
  The slope of the tangent 
  (1)f ′=        (1)f ′  (M1) 

  12e−=  

  
2
e

=        
2
e

 (A1) 

  The equation of the tangent: 

  
2 2 ( 1)y x
e e

 − − = − 
 

     1 1( )y y m x x− = −  (M1) 

  
2 2 2y x
e e e

+ = −  

  2 2 2ey x+ = −  
  2 4 0x ey− − =      (A1) 
 
 (b) The slope of the normal 

  21
e

= − ÷        

  
2
e

= −        
2
e

−  (A1) 

  The equation of the normal: 

  
2 ( 1)

2
ey x

e
 − − = − − 
 

    1 1( )y y m x x− = −  (M1) 

  
2

2 2
e ey x

e
+ = − +  

  2 22 4ey e x e+ = − +  

  2 22 (4 ) 0e x ey e+ + − =     (A1) 
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 (a) 3 212 36Q t t t= − +  

  d
d
Q
t

  

  23 12(2 ) 36(1)t t= − +      23t , 2t  & 1 (A1) 

  23 24 36t t= − +  

  d 0
d
Q
t
=       d 0

d
Q
t
=  (M1) 

  23 24 36 0t t− + =  
  2 8 12 0t t− + =  
  ( 2)( 6) 0t t− − =  
  2 0t − =  or 6 0t − =   
  2t =  or 6t =       2  & 6  (A1) 

  By the first derivative test,    Checking d
d
Q
t

 (M1) 

 
t  2t <  2t =  2 6t< <  6t =  6t >  

d
d
Q
t

 +  0 −  0 +  

  
  Thus, Q  attains its maximum at 2t = .  (A1) 
 
 (b) 32        (A1) 
 
 (c) 3 212Q t t tα= − +  

  3 2d d d d( ) (12 ) ( )
d d d d
Q t t t
t t t t

α= − +    Implicit differentiation (M1) 

  2d d3 12(2 ) ( ) ( )(1)
d d
Q t t t
t t

α α = − + + 
 

   23 ,12(2 ) &t t (A1) Product rule (A1) 

  2d d3 24
d d
Q t t t
t t

α α= − + +  

  The required rate of change 

  23(1) 24(1) (1)( 0.25) 18= − + − +    d
d
Q
t

 (A1) 

  = 3.25−       (A1) 
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 (a) By considering the graph of  
  36sin cosy t t t= − , the coordinates of the 
  maximum point are (3.7435506, 39.843756) . GDC approach (M1) 
  Thus, the maximum distance is 39.8 cm.  (A1) 
 
 (b) The particle first changes direction at  
  3.7435506 s.      1.5707983 s (A1) 
  By considering the graph of  

  3d d (6sin cos )
d d

y t t t
t t
 = − 
 

, the graph passes 

  through the point (3.7435506, 68.94427)− . GDC approach (M1) 
  Thus, the acceleration is 68.9−  cms-2.  (A1) 
 
   
 
 
 ( )f x  

 3cos 2 sin 2 dx x x= ∫       Indefinite integral (M1)  

 
Let sin 2 .
d 12cos 2 d cos 2 d
d 2

u x
u x u x x
x

=

= ⇒ =
    Substitution (A1) 

 3 1 d
2

u u= ⋅∫        3 1 d
2

u u⋅∫  (A1) 

 41 1
2 4

u C = + 
 

         

 41
8

u C= +  

 41( ) sin 2
8

f x x C∴ = +      41 sin 2
8

x C+  (A1) 

 
4

13 sin 2
8 2

Cπ   = +   
   

     
2

x π
=  & 3y =  (M1) 

 13 (0)
8

C= +  

 3C =  

 ∴ 41( ) sin 2 3
8

f x x= +      (A1) 
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 (a) The area of R  

  
1

0
( )df x x= ∫       Definite integral (M1) 

  
1

0
1dx xπ= +∫  

  

Let 1.
d 1 d d
d

1 (1) 1 1
0 (0) 1 1

u x
u u x
x

x u
x u

π

π
π
π π
π

= +

= ⇒ =

= ⇒ = + = +
= ⇒ = + =

    Substitution (A1) 

  
1

1

1 du u
π

π
+

= ⋅∫      
1

1

1 du u
π

π
+

⋅∫  (A1) 

  
11
2

1

1 du u
π

π
+

= ∫  

  
13

2

1

1 2
3

u
π

π

+
 

=  
 

      
3
22

3
u  (A1) 

  
3 3
2 21 2 2( 1) (1)

3 3
π

π
 

= + − 
 

       

  =
3
22 ( 1) 1

3
π

π
 

+ − 
 

     (A1) 

 
 (b) The required volume 

  
1 2

0
( ( )) df x xπ= ∫      Definite integral (M1) 

  
1 2

0
( 1) dx xπ π= +∫  

  
1

0
( 1)dx xπ π= +∫      

1

0
( 1)dx xπ π +∫  (A1) 

  
1

2

0

1
2

x xπ π  = +    
     21

2
x xπ   + 

 
 (A1) 

  
1

2

02
x xππ  = +  

 

  2 2(1) 1 (0) 0
2 2
π ππ     = + − +    
    

    

  1
2
ππ  = + 
 

 

  =
( 2)

2
π π +       (A1) 
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 (a) The velocity 
  (3)v=        (3)v  (M1) 
  2 0.5(3)3 e−=  
  2.008171441=  ms-1 
  = 2.01  ms-1      (A1) 
 
 (b) ( ) 1v t =       ( ) 1v t =  (M1) 
  2 0.5 1tt e− =  
  2 0.5 1 0tt e− − =  
  By considering the graph of 2 0.5 1ty t e−= − , the  
  horizontal intercepts are 1.4296118  and  
  8.6131695 .      GDC approach (M1) 
  ∴ 1.43t =  or 8.61t =      (A1) 
 
 (c) The total distance travelled     

  
10

0
( ) dv t t= ∫       2

1

( ) d
t

t
v t t∫  (M1) 

  
10 2 0.5

0
dtt e t−= ∫      

10 2 0.5

0
dtt e t−∫  (M1) 

  14.00556769=  m 
  = 14.0  m      (A1) 
 

(d) ( )a t  
 ( )v t′=        ( )v t′  (M1) 

 0.5 2 0.5(2 )( ) ( )( )( 0.5)t tt e t e− −= + −    Product rule (M1) 
 = 0.5 2 0.52 0.5t tte t e− −−      (A1) 
 

 (e) By considering the graphs of 2 0.5ty t e−=  and  

  2 0.5d ( )
d

ty t e
t

−= , at least one graph is below the  

  horizontal axis for 4 10t≤ ≤ .   GDC approach (M1) 
  ∴ 4 10t≤ ≤       4  (A1) & 10  (A1) 
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0

sec 1lim
sin 2 cos 2 1 2x

x
x x x→

−
+ − −

 

 
0

sec tan 0lim
(cos 2 )(2) ( sin 2 )(2) 0 2(1)x

x x
x x→

−
=

+ − − −
0
0

 
 
 
   L’Hôpital's rule (M1) 

 
0

sec tanlim
2cos 2 2sin 2 2x

x x
x x→

=
− −

     
sec tan
2cos 2 2sin 2 2

(A1) &
(A1)

x x
x x− −

 

 
2

0

(sec tan )(tan ) (sec )(sec )lim
2( sin 2 )(2) 2(cos 2 )(2) 0x

x x x x x
x x→

+
=

− − −
0
0

 
 
 
   L’Hôpital's rule (M1) 

 
2 3

0

sec tan seclim
4sin 2 4cos 2x

x x x
x x→

+
=

− −
     

2 3sec tan sec
4sin 2 4cos 2

(A1) &
(A1)

x x x
x x

+
− −

 

 
2 3sec0 tan 0 sec 0

4sin(2(0)) 4cos(2(0))
+

=
− −

     0x =  (M1) 

 
1
4

=
−

 

 =
1
4

−         (A1) 
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 (a) 
3

sin
3!
xx x= − +  

  
3(2 )sin 2 2

3!
xx x= − +     Substitute by 2x  (M1) 

  34sin 2 2
3

x x x= − +     (A1) 

  
2 4

cos 1
2! 4!
x xx = − + −  

  
2 4(2 ) (2 )cos 2 1

2! 4!
x xx = − + −    Substitute by 2x  (M1) 

  2 42cos 2 1 2
3

x x x= − + −    (A1) 

 
(b) sin 4x  
 2sin 2 cos 2x x=  

 3 2 44 22 2 1 2
3 3

x x x x  = − + − + −  
  

    Series for sin 2x  & cos 2x  (M1) 

 3 342 2 4
3

x x x = − − + 
 

  

 3162 2
3

x x = − + 
 

      3162
3

x x− + (A1) 

 = 3324
3

x x− +     (A1) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Exercise 5.11 
 

 



    

Solution    Exam Tricks   Official Store 

CLICK HERE   CLICK HERE   CLICK HERE 

13 

                                                             

 (c) 
332sin 4 4

16 16 3 16
π π π      = − +      

      
   

16
x π
=  (M1) 

  sin 4 4
16 16
π π    <    

    
      

  sin
4 4
π π
<       

4
π

 (A1) 

  
332sin 4 4

16 16 3 16
π π π      > −      

      
 

  
3

sin
4 4 384
π π π
> −      

3

4 384
π π
−  (A1) 

  
3

sin
4 384 4 4
π π π π

∴ − < <     Inequality for sin
4
π

 (M1) 

  
3 2

4 384 2 4
π π π
− < <  

  
3

2
2 192 2
π π π
− < <      Inequality for 2  (M1) 

  
396 2

192 192 2
π π π
− < <  

  
2(96 ) 2

192 2
π π π−

< <     (AG) 

 

 (d) 
0

3arctanlim
( )x

x
f x→

 

  

3 5

0 3

3
3 5

lim 324
3

x

x xx

x x
→

 
− + − 

 =
− +





    Series for arctan x  & ( )f x  (M1) 

  
3

0 3

3lim 324
3

x

x x

x x
→

− +
=

− +





     
3

3

3
324
3

x x

x x

− +

− +





 (A1) 

  
2

0 2

3lim 324
3

x

x

x
→

− +
=

− +





     
2

2

3
324
3

x

x

− +

− +





 (A1) 

  
3 0
4 0
− +

=
− +





      0x =  (M1) 

  =
3
4

       (AG) 
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 (a) 2
d
d

yy
x x
=  

  2
1 1d dy x

xy
=  

  
1

22d dy y x x
− −=∫ ∫      Separating variables (M1) 

  
1

121 1
1 1
2

y x C−= +
−

     
1
21

1
2

y  & 11
1

x−

−
 (A1) 

  
1
2 12y C

x
= − +  

  
1
2 1

2
y C

x
= − +      

1
2 1

2
y C

x
= − +  (A1) 

  
21

2
y C

x
 = − + 
 

     (A1) 
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 (b) 
d
d

xy y e
x
= +  

  
d
d

xy y e
x
− =       

d
d

xy y e
x
− =  (M1) 

  Integrating factor 

  
1dxe −∫=       

1dxe −∫  (M1) 
  xe−=        xe−  (A1) 

  
d ( )
d

x x x xye e y e e
x

− − − ∴ − = 
 

 

  
d 1
d

x xye e y
x

− −− =  

  
d ( ) 1
d

xye
x

− =       
d ( ) 1
d

xye
x

− =  (A1) 

  1dxye x− = ∫        

  x
y x C

e
= +  

  ( )xy e x C= +       ( )xe x C+  (A1) 

  2 2 (2 )e e C= +       2y e=  & 2x =  (M1) 
  1C = −         
  ∴ ( 1)xy e x= −      (A1) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

https://www.seprodstore.com/aahlintensivematerials
https://www.instagram.com/seproductionlimited/
https://www.seprodstore.com/ibaa-all-products


Analysis and Approaches Higher Level for IBDP Mathematics - Calculus 

SE Production Limited 

16 

 (c) 
2

2
d
d
y y x
x x y
= +  

  
Let .
d d d( ) ( )(1)
d d d

y vx
y v vx v v x
x x x

=

 = + = + 
 

   Substitution (A1) 

  
2

2
d
d ( )

v vx xv x
x x vx

+ = +      
2

2
d
d ( )

v vx xv x
x x vx

+ = +  (M1) 

  2
d 1
d
vv x v
x v

+ = +  

  2
d 1
d

vx
x v
=       2

d 1
d
vx
x v
=  (A1) 

  2 1d dv v x
x

=  

  2 1d dv v x
x

=∫ ∫      Separating variables (M1) 

  31 ln
3

v x C= +      31
3

v  & ln x  (A1) 

  3 3lnv x C= +  

  
1
3(3ln )v x C= +      

1
3(3ln )v x C= +  (A1) 

  
1
3(3ln )y x C

x
= +  

  
1
3(3ln )y x x C= +  

  
1
33 1(3ln1 )C= +      3y =  & 1x =  (M1) 

  
1
33 C=  

  27C =         

  ∴
1
3(3ln 27)y x x= +      (A1) 
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 (d) 
1

1
( , )

0.1
d0.1
d

n n

n n

n n
x y

x x
yy y
x

+

+

= +

 = +


 

  
1

1

0.1

0.1

n n

n
n n

n

x x

xy y
y

+

+

= +

 = +


     
1

1

0.1

0.1

n n

n
n n

n

x x

xy y
y

+

+

= +

 = +


 (M1) 

  0 1x = , 0 3y =  

  By solving the system 
1

1

0.1

0.1

n n

n
n n

n

x x

xy y
y

+

+

= +

 = +


 with 

  initial conditions 0 1x =  and 0 3y = , 8 1.8x =  and 

  8 3.5157923910534y = .    GDC approach (M1) 
  ∴ 3.52y =       (A1) 
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